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Abstract: A fundamental challenge facing applied time-series analysts is how to draw inferences about long-run relationships
(LRR) when we are uncertain whether the data contain unit roots. Unit root tests are notoriously unreliable and often leave
analysts uncertain, but popular extant methods hinge on correct classification. Webb, Linn, and Lebo (WLL; 2019) develop
a framework for inference based on critical value bounds for hypothesis tests on the long-run multiplier (LRM) that eschews
unit root tests and incorporates the uncertainty inherent in identifying the dynamic properties of the data into inferences
about LRRs. We show how the WLL bounds procedure can be applied to any fully specified regression model to solve this
fundamental challenge, extend the results of WLL by presenting a general set of critical value bounds to be used in applied
work, and demonstrate the empirical relevance of the LRM bounds procedure in two applications.

Verification Materials: The data and materials required to verify the computational reproducibility of the results,
procedures, and analyses in this article are available on the American Journal of Political Science Dataverse within the
Harvard Dataverse Network, at: https://doi.org/10.7910/DVN/ZBRTJH.

Researchers who use time-series data are often in-
terested in long-run, dynamic relationships be-
tween some (set of) independent variable(s), X ,

and some process, y. For example, do the levels of un-
employment, inflation, and consumer sentiment affect
the level of presidential approval over time (Clarke and
Stewart 1994; De Boef and Kellstedt 2004)? Traditional
approaches to analyzing these kinds of relationships have
three steps: (1) use pretests to identify the orders of in-
tegration and univariate properties of each time series,
(2) choose an appropriate model and hypothesis-testing
framework based on these results, and (3) draw infer-
ences from the model. The fundamental problem with
these approaches is that the educated guesses made in the
first step can be wrong and the uncertainty of these deci-
sions is not reflected in the steps that follow. Practition-
ers ignore this hidden dimension of uncertainty and, as a
result, can draw mistaken conclusions about the existence
of long-run relationships (LRRs).
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The tests available to classify time series as stationary,
fractionally integrated, or unit root processes are notori-
ously unreliable. A number of factors complicate standard
pretesting procedures: (1) The tests have low power. (2)
The decisions about which tests are appropriate depend
on the analyst’s knowing something about the underly-
ing dynamics of the data (e.g., is there a trend?). (3) The
tests require analysts to make correct decisions about lag
length, bandwidth, and/or lag truncation. (4) The knife-
edged decisions of how to categorize time series can hinge
on the chosen level of significance. As a result, pretests of-
ten produce inconclusive and conflicting results that leave
the analyst with difficult decisions.

These classification decisions have important con-
sequences. In particular, the validity of extant methods
hinges on correct classification of the time series under
analysis. An analyst typically uses a model to test a hy-
pothesis about a particular kind of equilibrium. But to
draw correct inferences about LRRs, the analyst needs to
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know whether the data are stationary, contain unit roots,
or are fractionally integrated.1 Thus, the uncertainty sur-
rounding pretests creates a fundamental challenge for
time-series analysts: How should we analyze long-run
relationships when we are uncertain whether the data are
stationary or contain unit roots?

A recent flurry of articles has grappled with this prob-
lem. Grant and Lebo (2016), Lebo and Grant (2016),
Keele, Linn, and Webb (2016a, 2016b), Esarey (2016),
and Helgason (2016) demonstrate when standard strate-
gies are likely to be vulnerable to misclassification and
when they may be fairly robust. Enns et al. (2016), Lebo
and Kraft (2017), and Enns et al. (2017) contend with
the different substantive conclusions that come from di-
vergent interpretations of unit root test results. Enns and
Wlezien (2017) and Pickup and Kellstedt (2020) discuss
the complications that arise when analysts conclude their
regressors and regressands have different orders of inte-
gration. Yet, none of this work provides a general solution
to the problem. Philips (2018) recommends adopting the
cointegration testing strategy developed by Pesaran, Shin,
and Smith (PSS; 2001) that allows the analyst to be ag-
nostic about the properties of their regressors. While this
procedure represents an important innovation, the ap-
proach developed by PSS requires that the analyst know
the univariate properties of the regressand and breaks
down if y is not a unit root (Webb, Linn, and Lebo 2019).

What, then, should analysts do if they are uncer-
tain whether their data are stationary or contain unit
roots? Webb, Linn, and Lebo (WLL; 2019) present an
extensive analytical critique of the PSS procedure and de-
velop an alternative framework for inference that resolves
the limitations of the PSS approach. It uses critical value
bounds for hypothesis tests on the long-run multiplier
to incorporate the uncertainty inherent in identifying the
dynamic properties of all the data into inferences about
LRRs. The testing strategy is straightforward and highly
generalizable—it can be applied to any fully specified dy-
namic regression model.

In this article, we demonstrate how this framework
presents a solution to the fundamental challenge of time
series. In the next section, we describe the two central
problems complicating tests for long-run relationships:
the practical problems of pretesting and the ambiguities
in extant tests for LRRs given this uncertainty. We then
discuss concepts of equilibrium and show the problem

1This is true whether we estimate the popular autoregressive dis-
tributed lag model (ADL), use the generalized error correction
model (GECM; De Boef and Granato 1997; De Boef and Keele 2008;
Engle and Granger 1987; Ericsson and MacKinnon 2002), or model
the series as a fractionally integrated process (Box-Steffensmeier
and Tomlinson 2000; Clarke and Lebo 2003; Lebo and Grant 2016).

with tests commonly applied in the GECM framework.
Following that, we present both the long-run multiplier
(LRM) t-test as a general test for long-run relationships
and a bounds framework for assessing the significance
of the LRM test statistic that accommodates uncertainty
about the univariate properties of the data. We extend the
results of WLL to cover a wider range of conditions likely
to be relevant in applied time series analysis. Finally, we
provide examples of the procedure for both the autore-
gressive distributed lag and generalized error correction
models to demonstrate the generalizability of the test and
the empirical relevance of the procedure.

The Practical Problems of Pretesting

Testing for unit roots is complicated. A variety of tests have
been proposed to help the analyst determine whether a
time series contains a unit root. Most are based on an
autoregressive representation of the series:

yt = Dt + �yt−1 + �t,

where Dt captures the deterministic features of the
process, generally a constant or linear trend, and �t

is a white noise process.2 The hypothesis of interest
concerns � . If � = 1, y contains a unit root. Most tests
evaluate the unit root null hypothesis. The (Augmented)
Dickey-Fuller test (1979), the Phillips-Perron (1988)
family of tests, and the DF-GLS test (Elliott, Rothenberg,
and Stock 1996) all test the unit root null hypothesis.
Alternatively, the KPSS test (Kwiatkowski et al. 1992)
tests the null hypothesis of stationarity.3 All these tests
have nonstandard limiting distributions, which depend
on the form of Dt—whether a constant, a trend, or
neither is included in the test regression.

There is broad agreement in the econometrics lit-
erature that unit root tests have low power (Banerjee
et al. 1993; Campbell and Perron 1991; DeJong et al.
1992; Elliott, Rothenberg, and Stock 1996; Evans and
Savin 1981, 1984; Juhl and Xiao 2003; Perron and Ng 1996;

2A general model for a single time series can be defined as fol-
lows: (1 − ∑p

k=1 �k L k)(1 − L )d yt = (1 + ∑q
k=1 �k L k)�t + � . The

current value yt is a function of p autoregressive parameters (� p),
q is moving average parameters (�q ), �t is a white noise error term,
L is the lag operator such that L k yt = yt−k , � is a trend, and the dif-
ferencing parameter, d , tells us how many times the series must be
differenced to make it stationary. A weakly stationary series exhibits
mean reversion (� = E (yt ) = E (yt+s )), finite variance (�2

y =
E [(yt − �)2] = E [(yt+s − �)2]), and stationary covariance (� =
E [(yt − �)(yt+s − �)] = E [(yt− j − �)(yt− j+s − �)] for all s ).

3See Enders (2015) or Box-Steffensmeier et al. (2014) for a thorough
discussion of unit root tests.



BEYOND THE UNIT ROOT QUESTION 277

Stock 1991).4 Simply put, the problem is that “it is diffi-
cult for any statistical procedure to distinguish between
unit root processes and series that are highly persistent”
(Enders 2015, 235; emphasis added).5 Many time series of
interest to political scientists, particularly those measur-
ing public opinion, economic conditions, and budgeting,
tend to be characterized by inertia. Series often appear to
behave like unit roots. This makes the low power of unit
root tests problematic, particularly in small samples.

Unit root tests also rely on the correct specification
of Dt . “Inappropriately omitting the intercept or time
trend can cause the power of the test to go to zero . . . .
On the other hand, extra regressors increase the critical
values so that you may fail to reject the null of a unit
root” (Enders 2015, 235).6 Omitting a constant from a
test imposes the assumption that the mean of the series
is zero; omitting a trend imposes the assumption that the
mean of the series is constant over time. In many cases, the
existence of a deterministic trend may seem implausible,
but the inclusion or omission of a trend term can have
an outsized influence on the results of different testing
procedures. If the analyst is agnostic, auxiliary tests can
help select the appropriate form of Dt . However, these
procedures have their own problems. Enders (2015, 237)
emphasizes that “tests for unit roots are conditional on
the presence of deterministic regressors and tests for the
presence of deterministic regressors are conditional on the
presence of a unit root.” Theory and visual inspection of a
time series can aid in decision making, but the appropriate
form of Dt is not always clear.

4Even more problematic, “no single test is uniformly most pow-
erful” (Choi 2015, 52), and those with greater power tend to have
relatively poor size. Relative power varies across different classes of
data generating processes (DGPs) and given different assumptions
about the first observation. Even optimal tests have arbitrarily low
power against local alternatives, and stationarity tests have parallel
size problems (Choi 2015, 127).

5Even when the analyst has a large sample, Dt is known, there are no
structural breaks, the DGP has moderate autocorrelation, and the
errors are well behaved, Elliott, Rothenberg, and Stock (1996) show
that power of the optimal test is poor. As the sample size shrinks
and the DGP becomes more strongly autoregressive, power drops
substantially. In a sample of size 50 with � = .85, for example, the
optimal unit root test will correctly reject the null hypothesis less
than 20% of the time (Podivinsky and King 2000).

6The appropriate form of Dt is that specified under the alternative
hypothesis. For example, in a Dickey-Fuller regression that includes
a constant and trend, under the null hypothesis the trend term is
assumed to be zero; that is, the series is a unit root with drift. Under
the alternative, the trend is significant and the process is trend
stationary. Similarly, if Dt includes a constant only, it is assumed
to be zero under the null hypothesis such that the process is a pure
random walk under the null. Under the alternative hypothesis, the
series is mean stationary (Choi 2015, 30).

Still another complication is presented by serially cor-
related errors. The Dickey-Fuller test assumes the resid-
uals are white noise. The analyst can augment the test to
accomodate serial correlation by adding lags of �yt , but
the analyst must select the correct lag length. If the analyst
includes too many lags, the power of the test suffers. If the
analyst includes too few, the size of the test suffers. One
might use information criteria to select the best lag length,
but Ng and Perron (2001) show that standard criteria do
not maximize test power. The KPSS and Phillips-Perron
tests can accommodate serial correlation via nonparamet-
ric estimates of the long-run variances, but the power and
size of these tests depend on the bandwidth and lag trun-
cation parameters used in the calculation of the variances.
Unfortunately, there are no universally optimal strategies
for selecting these elements of the tests.

There are a host of other considerations that affect
unit root tests. Assumptions about the initial observation
of a series and about the presence, or absence, of structural
breaks also affect inferences (e.g., see Müller and Elliott
2003; Perron 1989). The level of aggregation and sam-
pling window are important as well. Smaller samples, like
those often available in political science, make it less likely
to correctly reject the unit root null hypothesis. Popular
software packages handle the testing process differently,
with varying automated methods for choosing lag lengths
and different algorithms for interpolating critical values.
Finally, there are also theoretical considerations that may
weigh on classification. For example, Williams (1992) ar-
gues that series with upper and lower limits cannot have
infinite variance and, therefore, cannot be unit roots.

Given the complications of unit root testing, the rec-
ommended strategy is to conduct multiple tests, including
a series of auxiliary tests designed to identify the correct
form of Dt . But existing empirical strategies often produce
inconsistent results and lead analysts to select the evidence
that best suits their preferred conclusions. Inconsistency
among tests generates a profound level of uncertainty in
applied research that is not reflected in final analyses.

To illustrate this problem, we examine Presidential
Success, the yearly percentage of votes on bills on which
the president has taken a winning position in the House
of Representatives from 1953 to 2006 (Lebo and O’Geen
2011). The series is typical of studies involving American
institutions—it has a small sample size and is restricted
between upper and lower limits. A theoretical argument
could be made that the parties of the president and the
House majority fall in and out of sync over time, and this
should cause the series to be mean reverting. But with
presidents facing the same Congress for 2 years at a time,
enough autocorrelation may exist in the yearly data to
make it difficult to reject the unit root null hypothesis.
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FIGURE 1 Presidential Success in the House of Representatives,
1953–2006
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Note: Presidential Success is the yearly percentage of votes on bills on which the
president has taken a winning position in the House of Representatives from
1953 to 2006 (Lebo and O’Geen 2011).

The series is presented in Figure 1. It appears stationary,
moving around a long-run mean of 68.8%.

We conduct a battery of commonly used tests to
infer whether presidential success is a unit root or sta-
tionary process and present the results in Table 1.7 The
tests are organized by Dt , the null and alternative hy-
potheses tested. We present results for several lag lengths,
including the “short” and “long” lag truncations rec-
ommended by Schwert (1989) (trunc(4 ∗ (n/100)0.25) =
3 and trunc(12 ∗ (n/100)0.25) = 9), the lag lengths se-
lected by the general-to-specific modeling strategy for the
Dickey-Fuller and DF-GLS tests, and those selected using
the Akaike information criterion (AIC) for the Dickey-
Fuller tests. We also present the results for the KPSS test
with no lags and results for the Phillips-Perron tests with
one lag. The number of lags used in each case is given in
parentheses as appropriate.

This empirical strategy yields inconsistent results. For
test regressions with (1) a constant and trend or (2) a
constant only, the Dickey-Fuller tests reject the unit root
null if one adopts a general-to-specific strategy for lag
selection but fail to do so if the AIC is used.8 If one
adopts the short lag, the Dickey-Fuller and DF-GLS tests

7We implemented the tests using the functions provided in the
urca package in R.

8We fail to reject the null that the data are generated by the restricted
form of the test regression with no trend and no constant (Dickey-
Fuller 	2) and with no trend (Dickey-Fuller 	3) for all lags using
an 
 = .05. However, in a test with no lags, we can reject both 	2

and 	3 at 
 = .10. Using 	1, we reject the null hypothesis that a
constant can be dropped from the test regression in versions of the
test with no lags, but we fail to do so for all other lag lengths.

fail to reject the unit root null at the 
 = .05 level (but
the DF-GLS rejects it at the .10 level when Dt includes
only a constant), but inferences from both versions of
the Phillips-Perron tests would lead the analyst to infer
the series is stationary (around a trend or constant). Lag
selection is also pivotal in determining the inferences from
the KPSS tests. If one uses the “nil” option, both tests
present strong evidence against the stationary null, but
using either three or nine lags, one cannot reject the null at
the 
 = .05 level. Adopting 
 = .10, however, one would
reject the stationary null, with the exception of the null
that the series is mean stationary at lag 9. In short, even
when following recommended best practices for unit root
testing, inferences are highly uncertain.

The difficulties of pretesting are not unique to pres-
idential success but abound in political science. Popu-
lar time series such as approval ratings, public policy
mood, consumer sentiment, and foreign policy conflict
have been treated as stationary by some analysts and as
unit root processes by others. As we discuss next, this
uncertainty presents problems for drawing inferences
about LRRs.

Ambiguities in Testing for LRRs

All single-equation dynamic regression models specify an
LRR between X and y.9 These LRRs imply the existence
of long-run equilibria. An equilibrium state exists when

9We use X to denote a set of regressors and x to denote a single
regressor.
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TABLE 1 Unit Root and Stationarity Tests: Presidential Success in the U.S. House, 1953–2006

Test Statistic

Testa General to Specific AIC Short Lag 3 Long Lag 9 Alternative

Dt = (1, t); Null: unit root with drift; Alternative: trend stationary
Dickey-Fuller �� −3.51∗(0) −2.29(1) −2.22 −0.94
DF-GLS −3.49∗(0) −2.33 −1.37
Phillips-Perron Z� −3.56∗ −3.63∗ −3.44+(1)
Phillips-Perron Z
 −22.83∗ −24.00∗ −21.21∗(1)

Dt = (1, 0); Null: unit root; Alternative: mean stationary

Dickey-Fuller �� −3.53∗∗(0) −2.45(1) −2.23 −1.37
DF-GLS −2.77∗∗(0) −1.69+ −0.85
Phillips-Perron Z� −3.54∗ −3.72∗∗ −3.45∗(1)
Phillips-Perron Z
 −20.55∗∗ −23.24∗∗ −19.25∗∗(1)

Dt = (0, 0); Null: unit root; Alternative: mean-zero stationary

Dickey-Fuller � −0.09(6) −0.67(1) −0.39 −0.32

Dt = (1, t); Null: trend stationary; Alternative: not trend stationary

KPSS � 0.14+ 0.12+ 0.33∗∗(0)

Dt = (1, 0); Null: mean stationary; Alternative: not mean stationary

KPSS � 0.44+ 0.27 1.11∗∗(0)

Note: T = 54. All tests were conducted in R using the urca package. Short lag truncation is based on the formula trunc(4 ∗ (n/100)0.25) = 3;
long lag truncation is based on the formula trunc(12 ∗ (n/100)0.25) = 9 as given in Schwert (1989) and used in urca. As suggested by Ng
and Perron (1995), the longer lag length was used as the maximum lag length for selecting the appropriate lag length for the Dickey-Fuller
and DF-GLS tests. The number of lags chosen based on a general-to-specific modeling strategy (
 = .05 was used as the cut-off) and using
the AIC is given in parentheses. The column labeled “Alternative” includes results for (a) Philips-Perron tests using one lag, a common
specification choice, and (b) the KPSS test assuming no lag lengths, as this is an option in urca.
aThe form of Dt for unit root tests is specified under the alternative hypothesis.
∗∗p < .01, ∗p < .05, +p < .10.

the variables in a system exhibit no tendency to change
over time (Banerjee et al. 1993, 2). We do not observe so-
cial phenomena in their equilibrium states because social
phenomena are rarely at rest. Instead, we observe equi-
libria as levels or relationships to which variables tend to
return. Series may deviate from their equilibria, but they
are unlikely to do so by very much or for very long (Burke
and Hunter 2005, 38).

Equilibria can take various forms. An individual time
series may or may not have an equilibrium. A unit root se-
ries, unrelated to any other measured variables, wanders
unpredictably. Without reference to another time series,
it cannot be said to be in either equilibrium or disequi-
librium at any given point in time. A unit root series may
have an equilibrium in reference to another unit root vari-
able or variables. If both y and X contain unit roots but
their linear combination creates a mean-reverting series,
there is a long-run cointegrating equilibrium. Equilibrium
implies that y and at least one element of X are aligned,

and disequilibrium indicates y’s separation from at least
one element of X .

A stationary time series always has an equilibrium; it
returns to a long-run mean whether it is related to a given
set of exogenous regressors or not. If a stationary y is not
related to X , its equilibrium is determined by variables
not included in the model. We call this an unconditional
stationary equilibrium. In contrast, a conditional station-
ary equilibrium exists when y is a function of X . In each
case, disequilibrium implies y is away from its long-run
mean and mean-reverting behavior is soon to follow. In
many applications, however, it is ambiguous which type
of equilibrium is at work when researchers have claimed
to find LRRs.

In “Taking Time Seriously” (TTS), De Boef and Keele
(2008) point out that since the ADL and GECM are math-
ematically equivalent, the GECM can be used for either
nonstationary or stationary data. Thus, a common mis-
take is to use TTS as a license to ignore the univariate
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properties of one’s data. Grant and Lebo (2016) demon-
strate problems from hasty interpretation of the GECM.
Keele, Linn, and Webb (2016b) attempt to clarify the
message in TTS, explaining that the interpretation of the
GECM’s error correction coefficient, 
∗

1 , depends on an-
alysts’ conclusions about whether their series are individ-
ually integrated. Despite this recent exchange, however,
confusion remains about how to conduct hypothesis tests
for LRRs.

Indeed, extant tests for long-run equilibria require
analysts to know the univariate properties of their data,
since the null and alternative hypotheses and the appro-
priate critical values depend on the properties of y. But
without confidence in the results from these pretests, an-
alysts cannot know which types of equilibria are possible,
which models to estimate, which tests should be applied,
or how to interpret test results. If analysts misclassify y,
they will reach incorrect inferences about equilibria. This
is the fundamental problem with traditional approaches.
Analyses depend on uncertain first steps, and this uncer-
tainty is not reflected in published results.

We can illustrate the problem with a basic dynamic
model. We begin with the error correction model (ECM)
because it isolates the LRR explicitly (Hendry 1995; Pagan
1987). Consider the simple bivariate case:

�yt = 
0 + �∗
0 �xt + 
∗

1 (yt−1 − �xt−1) + et, (1)

where � is the long-run multiplier, giving the total effect
of x on y distributed over time; yt−1 − �xt−1 identifies
the long-run equilibrium relationship and measures the
disequilibrium between x and y; and 
∗

1 , the familiar error
correction coefficient, gives the rate of return to equilib-
rium after a shock.

This model is often estimated as a generalized error
correction model (GECM), which distributes terms:

�yt = 
0 + �∗
0 �xt + 
∗

1 yt−1 + �∗
1 xt−1 + et, (2)

or as an autoregressive distributed lag model (ADL):

yt = 
0 + 
1 yt−1 + �0xt + �1xt−1 + et . (3)

All three representations are equivalent. Specifically, the
impact multipliers in the ECM are equivalent to those in
the GECM and ADL: �∗

0 = �0 and 
∗
1 � = �∗

1 = �0 + �1;

the LRM, �, in the ECM is equal to −�∗
1


∗
1

in the GECM

and to �0+�1

1−
1
in the ADL; and the constant, 
0, is given by

the same coefficient in each representation.
Consider Equation (2). If the analyst is certain the

data are all unit roots, inference about the existence of
a cointegrating LRR may be drawn from a hypothesis
test that 
∗

1 = 0, which tests the null hypothesis that the
two series are not cointegrated against the alternative that
they are cointegrated. The t-statistic is nonstandard in

this case, and appropriate critical values are given in Er-
icsson and MacKinnon (2002). Finding that 
∗

1 = 0 in
Equation (2) implies that � in Equation (1) is unde-
fined.10 In contrast, a nonzero 
∗

1 implies that � and �∗
1

are nonzero. This is true because if x did not define the
long-run equilibrium in y, no such equilibrium would
exist. Thus, rejection of the null 
∗

1 = 0 is sufficient for
inferring a cointegrating relationship between x and y
when the data are certain to contain unit roots.11

In the stationary case, testing the null hypothesis
on 
∗

1 relies on an asymptotically normal distribution
and is no longer a test for cointegration (Banerjee et al.
1993, 167). The null hypothesis H0 : 
∗

1 = 0 is that y
has no long-run equilibrium—in which case y is a unit
root process—and the alternative hypothesis is that y has
an equilibrium. The alternative is trivially true for au-
toregressive processes. Given a stationary y, 
∗

1 must be
nonzero irrespective of y’s relationship with X , in the same
way 
1 can be nonzero in the ADL and yet unrelated to
X . Put differently, 
∗

1 in the GECM will be nonzero re-
gardless of whether � and �∗

1 are also nonzero, that is,
regardless of whether y has an unconditional stationary
equilibrium or an equilibrium value conditional on X .

Figure 2 shows the distribution of 
∗
1 simulated from

a GECM where y has varying levels of autocorrelation
and is not related to an x . Clearly, the value of 
∗

1 is lin-
early related to the level of autocorrelation in y. When
y is a simple white noise process (� = 0), the values of

∗

1 center on −1. With � = 0.5, the values of 
∗
1 center

on −0.5. This makes sense because 
∗
1 is capturing the

speed of mean reversion. Relating this to Equation (1), if
data are stationary, a nonzero and significant 
∗

1 can exist
when both � = 0 and �∗

1 = 0. That is, analysts will al-
most always reject the null hypothesis with respect to the
“error correction coefficient” whether or not y is a func-
tion of X . Thus, a crucial problem is that inference based
on 
∗

1 in the GECM (or 
1 in the ADL) cannot discern
between conditional and unconditional equilibration ab-
sent certainty about the univariate properties of the data.
Confusion over this distinction has been evident in many
applications of the GECM.

Analysts can only know how to interpret the hypoth-
esis tests on 
∗

1 when they know the properties of the
data with certainty. With uncertainty about the nature
of our data, tests based on 
∗

1 = 0 in the GECM do not

10If 
∗
1 is exactly 0, � in undefined. In applied settings, 
∗

1 will not
be exactly zero, but the analyst will fail to reject the null that 
∗

1 = 0
and the null that � = 0.

11In the case with two or more regressors, � and �∗
1 are vectors,

and a significant 
∗
1 implies a cointegrating relationship between

y and at least one regressor, such that some element of � and �∗
1

are nonzero.
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FIGURE 2 Sampling Distribution of �∗
1 by Degree of

Autocorrelation

0

20

40

60

80

D
en

si
ty

−1.2 −1.0 −0.8 −0.6 −0.4 −0.2 0.0

α1
*

ρ = 0 ρ = 0.2 ρ = 0.4 ρ = 0.6 ρ = 0.8

ρ = 0.9

ρ = 0.95

ρ = 0.99

ρ = 0.995

ρ = 1

Note: The distributions were produced from 50,000 simulations of the GECM
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conclusively imply an LRR between y and any element
of X. Rejecting the null hypothesis 
∗

1 = 0 might im-
ply cointegration or it might not. A significant 
∗

1 might
measure the rate of error correction between y and X or
it might not; it might simply indicate the stationarity of
y. Lastly, finding a nonzero 
∗

1 might imply that � and
�∗

1 must also be nonzero or it might not. The correct
interpretation of 
∗

1 depends on the univariate properties
of the series (Banerjee et al. 1993, 167).

As Webb, Linn, and Lebo (2019) demonstrate, this
ambiguity also affects the interpretation of alternative
tests for LRRs, including the widely cited tests proposed
by Pesaran, Shin, and Smith (2001). The PSS testing pro-
cedure applies critical value bounds to the conventional
t-test on 
∗

1 , as well as an F-test for cointegration, to ac-
commodate pretest uncertainty in X .12 PSS’s bounds en-
compass all possible critical values that could be correct
given any possible combination of unit root and station-
ary independent variables. The analyst compares the test
statistic to the upper and lower limits. If the test statistic
is beyond the upper bound, the analyst can confidently
reject the null hypothesis, regardless of the univariate
properties of X . The analyst’s uncertainty about the uni-
variate dynamics in X is reflected in the area of indeter-
minacy between the bounds. As Philips (2018, 230) stated
when introducing the method to political scientists, the
“strategy absolves users from having to distinguish be-

12Of course, it is inappropriate to test for cointegration if y is not
a unit root. All cointegration tests break down if the analyst is not
certain that y is I (1).

tween stationary . . . and first-order non-stationary (I (1))
regressors. This is an advantage since unit-root testing is
difficult in short series, and introduces ‘a further degree
of uncertainty into the analysis’ (PSS, p. 289).” However,
as we discussed earlier, it may be difficult to confidently
conclude y is I (1). Without the ironclad assurance that
y is I (1), the entire PSS hypothesis-testing procedure
breaks down in the same fashion illustrated above: The
test statistics will be nonzero if y is stationary, regardless
of whether there is an LRR between X and y. We need
a framework for testing for LRRs that does not rely on
analysts knowing the univariate properties of any of the
time series in their models.13

A General Test for Long-Run
Relationships and a Bounds

Approach to Inference

Webb, Linn, and Lebo (2019) offer a solution to the
problem that builds on the logic of the PSS approach.

13Bayesian approaches present an alternative that allows beliefs
about the existence of unit roots (or near and fractional integra-
tion) and cointegration to be “expressed as probabilistic statements
rather than based on knife-edge tests” (Brandt and Freeman 2009,
124). In a structural Bayesian vector autoregression, these beliefs
are elucidated based on theory, translated into hyperparameters
for estimation, and then assessed via sensitivity analysis and for
the consistency of forecasts with prior knowledge. As Brandt and
Freeman (2009, 124) note, this approach means the “analyst need
not perform any pre-tests that could produce mistaken inferences
about the trend properties of” their data.
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Specifically, they establish critical value bounds to reflect
pretest uncertainty in tests for LRRs based on the long-
run multiplier. The authors show that the LRM estimated
from any correctly specified dynamic model will only be
defined and nonzero if there is a conditional stationary
or conditional cointegrating LRR between a given x and
y. They demonstrate the distributional properties of the
LRM t-statistic and use simulations to derive the bounds
for the t-test on the LRM. We explain the intuition of their
statistical findings and discuss the strengths and weak-
nesses of adopting their approach to testing for LRRs. For
the reader interested in the technical details, see Webb,
Linn, and Lebo (2019).

Webb, Linn, and Lebo (2019) propose using the LRM
to test for the existence of LRRs. The logic can be easily
understood by considering the LRM in the simple bivari-

ate GECM presented in Equation (2), where � = −�∗
1


∗
1
.

The LRM gives the total effect of a unit change in x
on y. A conditional LRR therefore will only exist if � is
defined and nonzero. This requires both the numerator
and denominator to be nonzero. Consider the case where
both x and y are unit roots. Cointegration requires that

∗

1 �= 0, which can only occur if y is linked to x (i.e.,
the numerator is also nonzero). If there is no long-run
cointegrating relationship, 
∗

1 = 0, there is no link to x
in the long run, and � is undefined. If the data are sta-
tionary, � is always defined because 
∗

1 is by definition
nonzero. But � will only be nonzero if y is linked to x ,
which implies the numerator is also nonzero and there is
a long-run stationary relationship. If y is not related to
x in the long run, � = 0. The logic extends to the model
where y is a function of X and holds for any dynam-
ically complete model specification, including the ADL
(Equation 3).

Thus, the test of the significance of each LRM in any
dynamic regression is a test of a conditional LRR between
x and y, regardless of the univariate properties of the data.
Failure to reject the null means one cannot conclude an
LRR exists, regardless of whether the data are unit root
or stationary processes. Rejecting the null means we can
infer a long-run equilibrium relationship between x and
y. This is the test we want.

The LRM and its standard error are not directly es-
timated in the GECM (or in the ADL). One can, how-
ever, calculate the LRM from the estimates in any dy-
namic regression using the appropriate formula for the

LRM. For the ADL, � = �0+�1

1−
1
. For the GECM, � = −�∗

1


∗
1
.

The resulting estimate gives us the total effect of an x
on y in the long run. The standard error of the LRM
can be calculated using the delta method or by esti-
mating the LRM and its standard error directly using

the Bewley transformation of the original model (Bewley
1979):

yt = 	0 − 	1�yt + 
0 Xt − 
1�Xt, + �t, (4)

where 
1 is the LRM.14

De Boef and Keele (2008) recommend that practi-
tioners use the LRM to draw inferences about LRRs but
do not consider how the dynamic properties of the data
affect the appropriate critical values for hypothesis tests.
However, as Webb, Linn, and Lebo (2019) demonstrate,
the distribution of the LRM t-statistic, and thus the crit-
ical values for the hypothesis test on the LRM, depends
on the univariate characteristics of the variables in the
model, as well as the deterministic features of the DGP for
y, the number of independent variables, and the sample
size. The authors use this information to establish critical
value bounds for the LRM t-test that reflect pretesting un-
certainty. These are the highest and lowest critical values
associated with a given confidence level for the LRM t-test
given (1) any possible degree of autocorrelation in either
y or X , between and including � = 0 and � = 1;15 (2) the
presence or absence of cointegrated X ; (3) the presence or
absence of a trend in the DGP of y; and (4) the presence
or absence of a constant in the DGP for y.16 As such, the
critical value bounds they identify accommodate

14The Bewley coefficients are linear transformations of the GECM

and ADL coefficients. In Equation (2), 	0 = − 
0

∗

1
, 	1 = − 
∗

1 +1


∗
1

,


0 = �∗
1 , 
1 = − �∗

1

∗

1
, and � = − e


∗
1

. Translating from the ADL in

Equation (3), 	0 = � 
0, 	1 = � 
1, 
0 = �(�0 + �1), 
1 = � �1,
� = � εt , and � = 1


1−1
. A constant, Xt , Xt−1, and yt−1 should

be used as instruments to estimate the model (De Boef and Keele
2008). If a trend is part of the DGP, then a trend term should
be included in the Bewley transformation as well as the GECM
or ADL.

15We can set aside concerns about fractional integration. The
bounds encompass d = 0 to d = 1.

16Details are given in Webb, Linn, and Lebo (2019). Briefly, critical
values are computed via stochastic simulations under the true null
hypothesis of no LRR between X and y. A number of experiments
were conducted in which y is generated as an autoregressive process
(yt = c0 + c1t + � y yt−1 + e y,t ) independent of X . The degree of
autocorrelation and the presence or absence of a constant and trend
are varied across the experiments. X is generated under a range of
conditions, including (1) the case where all the elements of X are
independent I (0) processes (xk,t = �xk xk,t−1 + exk ,t , 0 ≤ � < 1.0),
(2) all are independent unit root processes (xk,t = xk,t−1 + exk ,t ),
and (3) any number of x are cointegrated (x1,t = x1,t−1 + ex1,t ,
and xk,t = �xk xk,t−1 + exk ,t for some k �= 1). For each experimen-
tal condition, the LRM, its standard error, and the associated t-
statistic were estimated from the Bewley model. The experiment
was repeated 100,000 times. The quantiles of the resulting dis-
tributions provide critical values for each characterization of the
DGPs examined. These are used to set the bounds by identifying
the smallest and largest critical values that are estimated across
the experiments.
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TABLE 2 Upper Bounds (UB) and Lower Bounds (LB) for the LRM t-Test by k, T , and �

T = 25 T = 50 T = 75 T = 150 T = 500 T = 1, 000

k LB UB LB UB LB UB LB UB LB UB LB UB


 = .01
1 1.84 6.28 1.54 6.16 1.46 5.98 1.36 5.94 1.32 5.87 1.31 5.88
2 1.91 6.19 1.53 6.06 1.45 5.90 1.37 5.93 1.32 5.85 1.31 5.88
3 2.00 6.15 1.56 5.96 1.45 5.83 1.37 5.89 1.32 5.82 1.31 5.87
4 2.10 6.10 1.57 5.97 1.45 5.77 1.38 5.89 1.32 5.83 1.31 5.83
5 2.25 6.05 1.57 5.85 1.47 5.74 1.37 5.86 1.32 5.81 1.31 5.84


 = .05
1 1.25 3.79 1.09 3.72 1.06 3.73 1.01 3.68 0.99 3.66 0.99 3.62
2 1.27 3.72 1.10 3.68 1.06 3.70 1.02 3.67 0.99 3.66 0.99 3.62
3 1.29 3.68 1.10 3.64 1.06 3.65 1.01 3.65 0.99 3.65 0.99 3.62
4 1.33 3.57 1.11 3.57 1.06 3.62 1.01 3.63 0.99 3.64 0.99 3.61
5 1.39 3.50 1.11 3.52 1.07 3.59 1.01 3.61 0.99 3.64 0.99 3.62


 = .10
1 0.99 2.84 0.89 2.83 0.87 2.81 0.84 2.79 0.83 2.76 0.83 2.78
2 1.00 2.76 0.89 2.77 0.87 2.79 0.85 2.77 0.83 2.77 0.83 2.78
3 1.02 2.70 0.90 2.73 0.87 2.77 0.84 2.76 0.83 2.76 0.83 2.78
4 1.05 2.64 0.90 2.68 0.88 2.73 0.84 2.75 0.83 2.75 0.83 2.77
5 1.08 2.55 0.91 2.64 0.88 2.70 0.84 2.73 0.83 2.75 0.83 2.77

Note: The 90%, 95%, and 99% critical values are computed via stochastic simulations using 100,000 replications for the LRM t-statistics
in Equation (4), the Bewley IV regression. The time series y and X are generated from yt = � y yt−1 + e yt and xi,t = �xi xi,t−1 + exi ,t for
k = 1, 2, 3, 4, 5 regressors where the errors are drawn from independent standard normal distributions.

every type of analytical uncertainty that typically
vex time series analysts. One does not need to
know whether a series is a stationary or unit root
process. One does not need to know whether a
series is characterized as a random walk, a ran-
dom walk with drift, or a random walk with trend
and drift. These bounds allow analysts to focus
on the theoretical questions at the heart of polit-
ical analysis, the existence of LRRs. (Webb, Linn,
and Lebo 2019, 14)

We extend the bounds calculated by Webb, Linn,
and Lebo (2019) for the LRM t-statistic to cover six
sample sizes, T = {25, 50, 75, 150, 500, and 1,000}, for
models containing k = 1 to 5 independent variables, and
for 
 = {0.01, 0.05, 0.10}. The results are presented in
Table 2. Note that the bounds are highly stable across
sample sizes and the number of independent variables,
with the important exception of very small samples.

The testing procedure is generalizable and straight-
forward. The analyst estimates an appropriately general
dynamic regression model and calculates the LRM and its
standard error using either the delta method or the Be-
wley transformation. The analyst computes the LRM test

statistic and compares the absolute value to the appro-
priate bounds given the length of the series (T) and the
number of independent variables (k). If the test statistic
is below the lower bound, the analyst fails to reject the
null hypothesis of no LRR. If the test statistic is above the
upper bound, the analyst can reject the null hypothesis
of no LRR with confidence. If the test statistic is between
the bounds, the analyst cannot draw a firm conclusion.
The area of indeterminacy between the bounds reflects
the analyst’s uncertainty about the true nature of all the
series in the analysis.

Incorporating uncertainty into a hypothesis-testing
procedure has consequences. First, the area of indeter-
minacy means that analysts may find themselves with
inconclusive evidence about the existence of an LRR. An-
alysts are used to applying knife-edge logic to hypothesis
tests. Applying a procedure where a possible outcome is
“I can’t be sure” is unusual and may seem unsatisfying.
Second, although analysts can have confidence that an
LRR exists if the LRM test statistic is beyond the up-
per bound, they cannot know which type of LRR ex-
ists: The test cannot distinguish an LRR between two
unit root processes—cointegration—from an LRR be-
tween two stationary variables, a conditional stationary
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equilibrium. Analysts need to have knowledge about the
univariate properties of their series to differentiate sta-
tionary conditional equilibria from cointegrating equi-
libria. Finally, there is a greater chance for type II errors
in some circumstances. If the analyst is certain the data
are stationary but chooses to apply the bounds procedure
and finds a value of the test statistic between the standard
critical value and the upper bound, the analyst will in-
correctly conclude that the dependent variable is defined
by an unconditional equilibrium instead of a conditional
stationary equilibrium.

If the analyst has accepted ex ante an inability to
make reliable decisions about the properties of his or
her data, these consequences are benefits, not costs. The
area of indeterminacy may seem strange, but the area
between the bounds reflects the uncertainty that is an
inherent part of pretesting. If the analyst is unable to
make reliable decisions about stationarity, this is an ac-
ceptable, and necessary, sacrifice. Importantly, the uncer-
tainty inherent in the area of indeterminancy and about
the type of LRR has always been a hidden part of alter-
native procedures. Rather than glossing over that uncer-
tainty, the bounds procedure provides a principled ba-
sis for inference that makes the consequences of pretest
uncertainty explicit. Moreover, there is nothing to pre-
vent analysts from applying traditional tests for uncon-
ditional stationary equilibria, or cointegrating equilibria,
in conditions where they are certain about the features
of their data. Analysts should use standard critical val-
ues in cases where they know all their series are station-
ary. However, if y is I (1), the standard critical values are
not the right critical values. Finally, the power compar-
ison between the bounds approach and standard crit-
ical values becomes moot when analysts cannot verify
their characterizations of their series. When analysts ap-
ply standard critical values, they are making strong claims
about their knowledge of the series, and these should be
explicit.

As Webb, Linn, and Lebo (2019) note, there is an
additional advantage of focusing on the LRM when we
have multiple independent variables in the model. If y is a
unit root, rejecting the null H0 : 
∗

1 = 0 implies y has an
LRR with at least one element of X , but it does not tell us
which particular independent variables matter and which
do not. But, unlike 
∗

1 , the LRM is estimated separately
for each variable in the model. Thus, the LRM test allows
us to draw inferences separately about whether there is an
LRR between y and each element of X .

The LRM bounds approach is a transparent approach
to testing for LRRs because it incorporates the uncertainty
in pretesting for all of the series into the hypothesis-testing
procedure. It represents a solution to the fundamental

problem with standard approaches to applied time-series
analysis and allows analysts to move beyond the unit root
question in cases, common in applied work, where series
cannot be easily classified as I (0) or I (1).

Examples: The LRM Bounds in Action

We present two applications of the LRM bounds proce-
dure that demonstrate how it is applied and highlight its
empirical relevance. In each case, the answer to the unit
root question is ambiguous. This illustrates the need for
the bounds procedure. These examples show how test-
ing for LRRs using the LRM bounds testing framework
reduces our confidence in the existence of some LRRs es-
tablished in the literature while enhancing our confidence
about others.

Revisiting Casillas, Enns, and Wohlfarth
(2011)

How responsive is the Supreme Court to public opin-
ion? This is an age-old and important question (Segal
and Spaeth 2002; Stimson, MacKuen, and Erikson 1994).
In their analysis, Casillas, Enns, and Wohlfarth (CEW;
2011) use yearly data on Supreme Court decisions from
1956 to 2000 to investigate the short- and long-term ef-
fects of public opinion on the ideological direction of the
Court’s decisions. Using a GECM, the authors estimate
the percent of liberal Court reversals as a function of public
policy mood, court ideology, and social forces. The authors
measure liberal Court reversals separately for all reviews,
nonsalient reviews, and salient reviews. Using standard in-
ferential tools applied to the LRM, CEW find evidence of
statistically significant LRRs between public policy mood
and the percent of liberal reversals among all reviews and
nonsalient reviews. The authors conclude that “the public
mood directly constrains the justices’ behaviors and the
Court’s policy outcomes, even after controlling for the
social forces that influence the public and the Supreme
Court,” and “the public’s awareness of the Court’s behav-
ior and the justices’ incentives to consider the context of
public opinion may be greater than previously thought”
(2011, 86).

The authors choose not to report unit root or sta-
tionarity test results, noting that the GECM may be es-
timated in either case. As we have shown above, the ap-
propriate tools for inference depend on the univariate
properties of the data. Below, we examine the evidence
for and against the presence of a unit root in liberal re-
versals and demonstrate the ambiguity in the tests. We
replicate CEW’s analysis and apply the LRM t-statistic
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FIGURE 3 Percentage of Liberal Decisions in U.S. Supreme Court
Reversals by Type of Case, 1955–2000
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Note: The Supreme Court reversals data are taken from Casillas, Enns, and
Wohlfarth (2011). All Reviews is the percentage of liberal decisions each term
among all the cases that reversed lower court rulings. Salient reviews is the
percentage of liberal decisions each term among salient cases that reversed
lower court rulings. Nonsalient reviews is the percentage of liberal decisions
each term among all nonsalient cases that reversed lower court rulings.

critical value bounds to draw inferences about the exis-
tence of an LRR between public policy mood, as well as
the other variables in the model, and the percent of liberal
reversals.

No theoretical arguments, that we are aware of, have
been made regarding the question of whether the ide-
ological balance of Court reversals over time is a unit
root process. It is, however, reasonable to think that the
ideological balance of decisions is inertial, as a small
and relatively constant set of actors is making deci-
sions in each term. In contrast, there is no reason to
expect any sort of deterministic trend in the process. As
Figure 3 shows, the series show no tendency to grow over
time.17

Table 3 presents a battery of unit root tests for the per-
centage of liberal reversals for each type of review. Based
on our theoretical understanding of the processes and the
evidence in Figure 3, we set Dt = (1, 0) and thus limit
consideration to (1) tests of the null hypothesis of a unit
root (with neither trend nor drift) against the alternative
that the process is mean stationary and (2) the null hy-
pothesis that the series is mean stationary.18 For both all

17The first and last observations have disproportionate influences
in diagnostic regressions. It is thus possible one could infer a trend
exists, but these results would likely change if the sampling win-
dow changed.

18This decision does not affect inferences. See the supporting in-
formation for further details (Section 1, 4–8).

reviews and nonsalient reviews, the evidence is generally
consistent; we cannot reject any of the unit root tests at

 = .05. However, given the low power of these tests and
the very small sample period, the tests are predisposed
to fail to reject, regardless of the accuracy of that conclu-
sion. The results of the KPSS test of the mean stationary
null are ambiguous: Using short lag truncation, the test
rejects the null, but using longer lag truncation inference
depends on whether 
 = .05 or 
 = .10 is adopted. The
evidence for a unit root in salient reviews is harder to eval-
uate. Whereas the Dickey-Fuller and DF-GLS tests fail to
reject the unit root null, evidence from all versions of the
Phillips-Perron test contradict this inference. The results
from the KPSS test are identical to those for the other two
time series. We conclude that there is enough uncertainty
about the nature of the dynamics of these processes that
it would be dangerous to use standard normal critical
values to test hypotheses on the LRM.

CEW estimated a GECM of the percentage of lib-
eral reversals in which social forces were used to instru-
ment both levels of and changes in Martin-Quinn ideol-
ogy scores. We have replicated this instrumental variables
analysis in Table 4.19 Standard statistical inference based

19Analysis is conducted using the dynlm package in R. Estimates are
identical to those reported by CEW, who used Stata. Calculation of
the variance–covariance matrix is different in the two packages such
that our standard errors are larger than those reported by CEW. In
addition, CEW do not explain how they generated standard errors
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TABLE 3 Unit Root and Stationarity Tests: Liberal Decisions (Casillas, Enns, and Wohlfarth 2011),
1955–2000

Variable

Test All Reviews Nonsalient Reviews Salient Reviews

Dickey-Fullera �� −2.77+ −2.44 −1.75
Phillips-Perron Z� (short) −2.10 −2.15 −3.99∗∗

Phillips-Perron Z� (long) −2.20 −2.24 −4.65∗∗

Phillips-Perron Z
 (short) −6.16 −6.64 −23.07∗∗

Phillips-Perron Z
 (long) −7.14 −7.50 −35.50∗∗

DF-GLSb −0.82 −1.12 −0.82
KPSS � (short) 0.83∗∗ 0.79∗∗ 0.86∗∗

KPSS � (long) 0.39+ 0.38+ 0.42+

Note: T = 46. The null hypothesis for the Dickey-Fuller, Phillips-Perron, and DF-GLS tests is that the series is a unit root; the alternative
hypothesis is that the series is mean stationary. Short lag truncation is based on the formula trunc(4 ∗ (n/100)0.25) = 3; long lag truncation
is based on the formula trunc(12 ∗ (n/100)0.25) = 9. Further details are given in the supporting information (Section 1, 4–6).
aResults are from a model with the lag length selected using a general-to-specific modeling strategy and 
 = .05, beginning with a maximum
lag length of 9. Eight lags were selected for both All Reviews and Nonsalient Reviews. Two lags were selected for Salient Reviews. The AIC
selected two lags in all cases. Inferences do not depend on this decision.
bResults are based on a lag length selected using a general-to-specific modeling strategy: one lag for All Reviews, eight lags for Nonsalient
Reviews and Salient Reviews.
∗∗p < .01, ∗p < .05, +p < .10.

on these results suggests, as CEW report, policy mood,
Court ideology, and social forces have large short-term
effects on the percentage of liberal revisions, although the
estimated effect of policy mood is less than its standard
error in the model of salient reviews.20 The effect of lagged
levels of these variables is a considerably mixed bag. In
particular, policy mood does not reach standard levels of
significance in any equation.

If we are interested in whether these variables drive
liberal reversals in the long run, our focus should be on the
LRMs. And given our uncertainty about the univariate dy-
namics of the dependent variables, we should be wary of
inferences based on standard normal distributions. Thus,
we apply the LRM critical bounds to evaluate the CEW
hypotheses. The bottom portion of Table 4 presents two
sets of information for each model and variable. In the

for the LRM, and we were unable to replicate them. Given that
CEW’s GECMs are IV regressions, we used the delta method to
calculate the standard errors for the LRMs. These are larger than
those reported by CEW.

20If the dependent variables contain unit roots, inferences on these
variables are nonstandard. Sims, Stock, and Watson (1990) have
shown that if y and any element of X are integrated, standard
limiting distributions only apply to hypothesis tests on coefficients
that can be written as coefficients on mean zero stationary variables
and only if the model is correctly specified such that the errors are
uncorrelated. In our examples, hypothesis tests on �0 and �1 in
the ADL and �∗

0 in the GECM can be evaluated using standard
limiting distributions given that there is no evidence the errors are
correlated. However, standard limiting distributions do not apply
to the F -test on �0 + �1 in the ADL or t-test on �∗

1 in the GECM,
unless the data are cointegrated.

first, third, and fifth columns are the LRMs (−�∗
1 /
∗

1 )
and their standard errors. The standard errors were cal-
culated using the delta method. The second, fourth, and
sixth columns report the t-statistics and inferences based
upon the 
 = .05 bounds. Given T = 45 and three inde-
pendent variables, the most applicable bounds are 1.10
and 3.64. In only one case is the LRM t-statistic above the
upper bound such that we can reject the null of no LRR:
The baseline Court ideology score is tied significantly to
the disposition of the full set of reviews. Three of the
LRM t-statistics are below the bounds: policy mood in
the model of salient reviews and social forces in the full
set of reviews and nonsalient reviews. We fail to reject the
null of no LRR in these cases; mood does not constrain
the Supreme Court on salient cases. This is consistent
with CEW’s conclusions. The remaining LRM t-statistics
are well inside the bounds such that we are uncertain
whether there is an LRR absent certainty about the uni-
variate dynamics. Thus, we caution against inferring that
public opinion influences the Court’s decisions, even in
nonsalient cases.

Explaining Labour Party Support in the UK,
1997–2010

Our second example looks at monthly vote intentions for
the Labour Party in the United Kingdom for the period
May 1997 to April 2010, as a function of prime minis-
terial approval, economic optimism, and approval of the
opposition leader. This example is different in four ways.
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TABLE 4 Casillas, Enns, and Wohlfarth’s (2011) GECMs of Supreme Court Reversals, 1956–2000

Variables All Reviews Nonsalient Reviews Salient Reviews


∗
1 yt−1

Lagged Reviews −0.83 −0.77 −1.27
(0.16) (0.16) (0.17)

�∗
0 �xt

Public Policy Mood 1.59 1.68 1.24
(0.86) (0.87) (1.99)

Court Ideology 12.48 11.37 10.47
(4.73) (4.87) (11.07)

Social Forces(IV) 2.78 2.56 7.49
(3.31) (3.29) (8.86)

�∗
1 xt−1

Public Policy Mood 0.87 0.88 0.71
(0.46) (0.47) (1.06)

Court Ideology 9.68 8.37 16.90
(3.42) (3.41) (6.32)

Social Forces 0.98 −0.01 9.21
(2.37) (2.37) (5.61)

Constant −6.03 −11.05 31.02
(27.73) (28.04) (64.32)

Long-Run Multiplier

LRM LRM t LRM LRM t LRM LRM t
(s.e.) (Inference) (s.e.) (Inference) (s.e.) (Inference)

Public Policy Mood 1.05 1.86 1.15 1.85 0.56 0.67
(0.56) (Between) (0.62) (Between) (0.84) (Below)

Court Ideology 11.67 3.75 10.90 3.18 13.36 2.87
(3.11) (Beyond) (3.43) (Between) (4.65) (Between)

Social Forces 1.18 0.42 −0.01 0.00 7.28 1.72
(2.81) (Below) (3.08) (Below) (4.23) (Between)

N 45 45 45
R2 0.53 0.49 0.64
Breusch-Godfrey (4 lags) 0.433 0.361 0.487

Note: Standard errors are in parentheses. The standard errors of the LRMs were calculated using the delta method. The t-statistics are
reported as “Below” when |t| < 1.10, “Between” when 1.10 < |t| < 3.64, and “Beyond” when |t| > 3.64.

First, the series are longer (T = 155 months). Second,
the dependent variable in this example has a gradual but
distinct downward tendency. This could be caused by a
constant (drift) in the DGP or by a trend in the DGP.
Third, to show the flexibility of the LRM bounds test,
we begin by estimating an autoregressive distributed lag
(ADL) model rather than a GECM and go through the
different calculations one should use in that approach.
And, fourth, based on previous research, we expect to
find an LRR between at least one of the independent
variables—party leader support—and the dependent
variable.

Figure 4 shows the dependent variable, Labour Vote
Intentions, and two of the three independent variables of
interest, Prime Minister Approval and Leader of Opposition
Approval. Under the leadership of Tony Blair, the Labour
Party swept to victory in May 1997, but the ratings of
both the party and the prime minister fell precipitously
in the years that followed. In particular, the fallout over
Britain’s involvement in the Iraq War pushed Blair’s ap-
proval rating into the 20s and led to his replacement by
Gordon Brown in 2007. Prior studies have shown a close
relationship between party vote intentions and leader-
ship ratings. Clarke, Stewart, and Whiteley (1997) find
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FIGURE 4 Vote Intentions for Labour, Prime Ministerial Approval,
and Leader of Opposition Approval, May 1997–April
2010
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Note: Data come from Market and Opinion Research International’s (MORI)
social trends (https://www.ipsos.com/ipsos-mori/en-uk/social-trends). Labour
vote intention is the monthly percentage of vote intention for the Labour Party.
Labour Prime Minister Approval is the percent satisfied with the way the prime
minister is running the country. Leader of Opposition Approval is the percent
satisfied with the leader of the opposition.

cointegration between the prime minister’s ratings and
his or her party’s vote intentions, and Lebo and Young
(2009) find fractional cointegration between party and
leadership ratings in both the governing party and the
official opposition.

The univariate diagnostics are complicated by the
downward trajectory in the dependent variable.21 Re-
sults from unit root tests depend on the analyst’s decision
whether to entertain a deterministic trend. Including a
trend allows rejection of the null hypothesis of a unit
root with drift in favor of the alternative that the series
is trend stationary. Without including a trend, however,
we fail to reject the unit root null. For the independent
variables, with or without a trend, the conclusions are am-
biguous and depend on one’s choice of test.22 Given these

21This example also illustrates that the univariate nature of a series
can depend on the time period chosen. Over a period that includes
multiple governments, we see popularity rise and fall with no trend
evident across the full range of data. However, during a period of
one-party government, the inexorable descent described by Mueller
(1970) is evident, even if it is not a deterministic trend.

22Extended unit root test results can be found in the supporting
information (Section 1, 9–12).

results, traditional approaches to time-series analysis will
be problematic. In particular, results will be suspect if one
tries to use these tests to decide whether the series are sta-
tionary, which model to estimate, and, finally, how one
should interpret 
∗

1 .
We begin by estimating an ADL model with a trend.

Long-run multipliers are calculated for each independent
variable ( (�0+�1)

(
1−1) ), and the standard errors are equiva-
lently estimated using the delta method and the Bewley
IV regression. Table 5 shows the results. The results from
the ADL can be interpreted at face value and show a
significant effect for prime ministerial approval (0.392
with s.e. = 0.051).

Looking at Table 2, the bounds for T = 150 and k =
3 are 1.01 and 3.65 at the .05 level. The LRM test statistic
for economic optimism is between the bounds, giving us
an inconclusive result. To draw a firm conclusion about
economic optimism, we would need to know more about
the dynamic properties of the data. On the other hand,
the LRM test statistics for approval of both the prime
minister and leader of the opposition are each well above
both bounds such that we can reject the null hypotheses
of no LRRs with Labour vote intentions with confidence.

https://www.ipsos.com/ipsos-mori/en-uk/social-trends
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TABLE 5 ADL Model of Labour Vote Intention, May 1997–April 2010

Labour Vote Intentions ADL LRM xit LRM−t


1 yt−1

Labour Vote Intention 0.392
(0.076)

�0xt

Prime Minister Approval 0.309 0.396 7.68
(0.051) (0.052) (Beyond)

Economic Optimism −0.009 −0.050 −2.35
(0.025) (0.021) (Between)

Leader of Opposition Approval −0.077 −0.329 −4.93
(0.067) (0.067) (Beyond)

�1xt−1

Prime Minister Approval −0.069
(0.058)

Economic Optimism −0.021
(0.025)

Leader of Opposition Approval −0.123
(0.067)

Trend −0.014
(0.012)

Constant 22.986
(3.489)

N 155
R2 0.912
Breusch-Godfrey (12 lags) 0.831

Note: Standard errors are in parentheses. The LRM, LRMS E , and t-LRM, are estimated from Equation (4), the Bewley instrumental
variables regression. The t-statistics are reported as “Below” when |t| < 1.01, “Between” when 1.01 < |t| < 3.65, and “Beyond” when
|t| > 3.65.

Crucially, this confidence does not rely on particular con-
clusions about the univariate properties of the variables.
This highlights the key advantage of the LRM bounds
procedure over standard approaches.

Beyond the Unit Root Question

Time-series texts present a seemingly simple blueprint for
applied time-series analysis. Standard approaches begin
with a set of pretests that are supposed to neatly classify
series as either unit root or stationary processes. These
diagnoses, then, determine the strategies one should use
to test for LRRs. These approaches are built on weak
foundations. The pretests are notoriously unreliable and
often produce conflicting results. In the face of uncer-
tainty, the ambivalent analyst is forced to make definitive
choices. This uncertainty is not reflected in final analyses.
The standard blueprint does not allow the analyst to be
uncertain about the univariate properties of his or her
data. If the foundation for an analysis is weak, the final

result may be little more than a house of cards. We need
a new blueprint.

The LRM bounds procedure developed by Webb,
Linn, and Lebo (2019) and described in this article pro-
vides a principled approach to inference that explicitly
incorporates analysts’ uncertainty about the univariate
properties of their data into hypothesis testing. If analysts
misclassify their series, they will draw incorrect infer-
ences about LRRs. This is the fundamental problem with
traditional approaches. The LRM bounds procedure pro-
vides an elegant solution. The LRM t-test is valid for both
stationary and cointegrating equilibria, and the critical
value bounds encompass all possible critical values that
could be correct given any possible combination of I (0)
or I (1) variables. This simplifies time-series analysis by
obviating the need for pretesting and allows analysts to
move beyond the unit root question.

For a discipline whose primary interest in time-series
analysis is hypothesis testing, the LRM bounds procedure
represents a critical innovation. In closing, we offer a new
blueprint.
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� Theory: Time-series analysis still begins with
theory. Theory determines which variables
should be included in the model. Analysts must
choose models that are general enough to en-
compass their theories. Analysts derive hypothe-
ses from their theories that speak to the existence
of LRRs.

� Estimation and Inference: Analysts should test
their hypotheses about LLRs by comparing the
LRM t-statistics to the appropriate bounds. This
takes uncertainty about the univariate dynamics
into account and allows analysts to reach reliable
conclusions about the existence of LLRs regard-
less of univariate characteristics. In many cases,
this is the primary goal of applied time-series
analyses.

� Classification and Interpretation: Analysts may
want to classify their equilibrium relationships.
This can be extremely difficult, especially with
short time series. This should be done cautiously
and requires that analysts have long time series,
consistent results from unit root and stationarity
tests, and strong theory. Unit root tests do not
need to be thrown out entirely, but they should
be applied with the appropriate skepticism.

� Reporting Results: Analysts should strive for
transparency when reporting results. If analysts
classify equilibrium relationships, they should
report a broad range of results, including (1)
results from multiple tests, (2) results that sup-
port their specification of Dt , and (3) the level of
significance associated with each test. If tests pro-
duce competing results; theory, our knowledge of
the data, and our knowledge of the testing pro-
cedures should be used to make a case for one
conclusion over another.

The advice of 40 years of time-series practice is to
begin by doing our best to diagnose the properties of data
but then to ignore the uncertainty in those decisions in the
models and inferences that follow. Standard approaches
require analysts to be certain over what is inherently un-
certain. The LRM bounds testing procedure provides a
unified way of thinking about dynamic specification that
avoids the pitfalls common to alternative procedures. The
practices we outline here are far less likely to produce mis-
leading conclusions and also make it less likely that im-
portant substantive debates will stall over disagreements
about basic time-series principles. As time-series prac-
titioners move beyond the unit root question, they can
concentrate on pushing important theoretical develop-
ments forward.
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